This paper presents a novel, analytical approach to solving inverse kinematics for multi-section continuum robots, defined as robots composed of a continuously bendable backbone. The problem is decomposed into several simpler subproblems. First, this paper presents a solution to the inverse kinematics problem for a single-section trunk. Assuming endpoints for all sections of a multi-section trunk are known, this paper then details applying single-section inverse kinematics to each section of the multi-section trunk by compensating for the resulting changes in orientation. Finally, an approach which computes per-section endpoints given only a final-section endpoint provides a complete solution to the multi-section inverse kinematics problem. The results of implementing these algorithms in simulation and on a prototype continuum robot are presented and possible applications discussed.
Introduction
Like the mammalian tongue, an elephant's trunk or an octopus arm, the flexible materials which compose continuum robots enable them to bend continuously, mimicking to some degree the remarkable properties of these biological structures termed muscular hydrostats [1] . A growing number of continuum robots, last surveyed in Refs [2] [3] [4] , find application in nuclear reactor maintenance [5, 6] , minimally invasive surgery [7] [8] [9] [10] , disaster relief [11, 12] and many other places [13, Figure 1 . Inverse kinematics algorithms (described in Section 2) move both a simulated and an actual trunk from a vertical starting posture in (a) to a bent posture in (b) while maintaining tip position, moving only the bottom section's endpoint. This maneuver could be used to avoid obstacles in the trunk path while maintaining a desired tip position. Just below each of the dots lie the 'dead' sections; unlike the rest of the trunk, these portions do not bend, but instead provide pneumatic hose termination and routing. 14]. Indeed, the inclusion of many extra degrees of freedom (hyper-redundancy) has been a key motivation for continuum robots, enabling them to maneuver in congested environments [15] and allowing them to form whole-arm grasps [16] of a wide range of objects. These applications of continuum robots depend on the ability to specify either the shape of the robot or the position of the tip as shown in Fig. 1 , where tools or a camera are often placed.
However, continuum robotics present unique challenges in determining the tip position of a continuously flexible, infinite-degree-of-freedom structure. The use of a constant-curvature model, justified in Ref. [17] , significantly simplifies the problem, and provides closed-form position and velocity kinematics [18] [19] [20] [21] [22] [23] . The inverse problem of determining trunk actuator lengths that correspond to a desired tip position, however, is often of more practical use; typically, a desired tip position is known (the inverse problem) rather than beginning with a robot shape and computing tip position (the forward problem). The well-known difficulty of finding closed-form solutions to the inverse kinematics problem in traditional rigid-link robotics results in an alternate approach, typically by applying the pseudo-inverse of the velocity kinematics [24, 25] . However, this solution carries several undesired attributes, such as a lack of repeatability in joint trajectories. Fortunately, recent developments for rigid-link robots provide a closed-form, low-computation set of solutions in the form of a set of linear inequalities to the inverse kinematics problem for serially connected rigid-link robots composed of spherical joints. A single continuum robot section provides two degrees of rotational freedom and one of translational freedom, unlike the three revolute degrees of freedom of a spherical joint. Therefore, this paper presents an analytical solution to the per-section inverse kinematic problem for a continuum trunk and an analytical solution to the multi-section inverse problem when per-section endpoints are known. The solution of these two problems enables application of the spherical inverse kinematics algorithm to a continuum robot, providing an important set of capabilities to enable future application of continuum robots to real-world problems.
This paper presents a geometric approach to determining the inverse kinematics for single-and multi-section continuum robots. Specifically, the algorithm given in Section 2 determines a closed-form solution to the inverse kinematics problem for a single-section continuum trunk. Next, Section 3 discusses extending these results to a multi-section continuum manipulator, assuming knowledge of the endpoint locations for each section of the trunk as shown in Fig. 1 . If these endpoints are unknown, Section 4 presents a procedure to compute them given a single endpoint for the entire trunk. Finally, Section 5 presents results obtained by implementing these inverse kinematics, in simulation and on a physical device (OctArm VI), as shown in Fig. 1 , concluding with a discussion of the advantages and disadvantages of this approach and its potential applications.
Single-Section Kinematics
Most continuum robots' shape results from the application of a moment to the tip of each trunk section. For example, tendons in Air-Octor [26] or pneumatic pressure in OctArm [27] provide this moment, a common design [2] . Assuming that gravity loading produces no deformation in the trunk, a common assumption that enables closed-form solution of the forward kinematics [18] [19] [20] [21] [22] [23] , this moment produces constant-curvature bending [17] , producing an arc of a circle.
Therefore, following this model, define a single section of a continuum manipulator as an arc of a circle. In this arc, fix one endpoint O to the origin of a right-handed Euclidean space, place the other endpoint P at any location in the space and locate the center of the arc C in the xy plane as shown in Fig. 2 . With this model, parameterize a section of a continuum manipulator by its arc length s, its curvature κ = 1/r (where r gives the radius of the arc) and its direction of curvature φ as shown in Fig. 3 . These parameters enable calculation of the tip location of a single continuum section [23] . In particular, the ability of these trunks to not only move to a given curvature κ and direction of curvature φ but also to extend to a trunk length s enables them to attain any desired tip position based on the trunk parameters φ, κ and s determined by the inverse kinematics. These trunk parameters can then be easily converted to desired actuator parameters using the robot-specific mappings, such as those given in (22)- (24) of Ref. [23] , which can be used to control trunk shape.
Inverse Kinematics
The trunk parameters φ, κ and s for a single continuum section can be determined given the endpoint location P = [ x y z] T in a closed-form expression. The di- A single section of a continuum trunk is placed entirely in the xz plane by rotating endpoint P about the z-axis by −φ (see Fig. 2 ). Observing C P x and applying the law of cosines,
rection of bending φ can be trivially determined by dividing the x and y coordinates, giving:
The curvature can be determined by finding the distance from the origin to the center of the arc formed by the continuum section. Rotating P about the z-axis by −φ produces a point P such that x = x 2 + y 2 , y = 0, and z = z (see Fig. 4 ), yielding an arc of the same curvature which lies entirely in the xz plane. A trunk which extends along the +z-axis from the origin in a circular arc locates the center of that arc in the xy plane; after rotation, this center must lie along the x-axis. Therefore, the radius r of the center of this arc C lies at (r, 0) in the xz plane. Noting that the endpoint and the origin of the arc must be equidistant from C and recalling that the origin of the arc coincides with the origin of the coordinate system gives (x − r) 2 + z 2 = r 2 . Solving for r and substituting κ = 1/r, κ = 2x /(z 2 + x 2 ). Substituting for x and z :
The angle θ shown in Fig. 3 can be calculated from the curvature and the Cartesian coordinates of P . Looking at the planar case of P , examining C P z in Fig. 4 gives θ = cos −1 ((r − z )/r) when z > 0 and θ = 2π − cos −1 ((r − z )/r) when z 0. Noting that the rotation of P does not affect arc length, x = x 2 + y 2 as before. Simplifying gives:
Knowing that the length of the arc is the product of the angle subtended by the arc and the radius of the arc, the length of the trunk section s is s = rθ , where r = 1/κ (see Fig. 3 ).
Special Cases (Singularities)
Endpoint coordinates placed purely along the z-axis, with no x or y component, present singularities in the inverse kinematics calculations given for φ in (1) and κ in (2) . As x = 0 and y = 0, any value of φ places the trunk along the z-axis; therefore, any arbitrary value can be chosen for φ in this case. To choose an appropriate value for κ, the solution can be grouped into two cases: z = 0 and z = 0. When z = 0, choose κ = 0 and s = z. However, z < 0 implies a negative trunk length, which is physically impossible although mathematically correct. In the second case, z = 0 implies the endpoint of the trunk lies at the origin. In this case, multiple solutions exist as an arc forming a complete circle with any radius at any orientation satisfies this condition. Therefore, choose any value for φ and κ, and choose θ = 2π, so that s = 2π/κ.
Multi-section Kinematics
The inverse kinematics derived in the previous section for a single-section trunk can be iteratively applied to multiple, serially linked continuum sections to model an n-section continuum manipulator.
Inverse Kinematics Algorithm
Given a list of endpoints (one for each section), the values of s, κ and φ can be computed for each section by determining the values of s, κ and φ for the base section, subtracting the translation due to the base section from the remaining endpoints, applying the opposite rotation due to the base section to the remaining endpoints, then repeating this process with the remaining sections. Recalling from Ref. [28] that the rotation due to a single trunk section occurs about the axis ω = [ − sin φ cos φ 0 ] T by the angle θ , the adjusted endpoint coordinates can be expressed as p next = R ω,−θ (p next − p current ) where p current is the endpoint of the section whose s, κ and φ values are currently being computed, and p next is the endpoint of a remaining, distal section.
Incorporating Dead-Length Sections
Many actual continuum manipulator devices contain lengths of space between each section that do not bend, as illustrated in Fig. 1 . There are three approaches to representing these 'dead' lengths as part of each section. In particular, the nonbending length of each section can be included at either end of the section or split between the two. Taking the approach of including the non-bending length at the end of each section, incorporating these 'dead' lengths can be easily handled by adding an appropriate translation in the inverse algorithm given above. Following this method, simply subtract the vector [ 0 0 l ] T , where l gives the dead length for the current section, from p next computed for the following sections,
Endpoint Locations of Each Section for a Multi-section Continuum Robot
An essential ingredient when applying the inverse kinematics in the previous section is a priori knowledge of the x, y and z coordinates of the endpoints of each section of the trunk in addition to the endpoint of the trunk itself. This section presents an algorithm to assist in choosing these intermediate coordinates while also exposing the structure of the solution space of the inverse kinematics problem, providing the possibility of using this solution space for choosing configurations of the trunk that avoid obstacles, minimize trunk curvature or maximize some other desirable trunk characteristic.
The well-known difficulty of deriving the inverse kinematics for an arbitrary rigid-link robot stems from the complex nature of the non-linear equations involved. These complex non-linear equations can be resolved into simple inequalities for any rigid-link robot composed of spherical joints by following a geometric approach [29, 30] . Observing that each section of a continuum robot consists of 3 degrees of freedom, just as a spherical joint, this paper applies this solution procedure to a three-section continuum robot by modeling it as a three-link rigid-link robot composed of spherical joints; however, the procedure can be easily extended to an n-link continuum robot, as described at the end of this section. The endpoints of each of the rigid links produced by this algorithm then provide the necessary endpoints for the multi-section inverse kinematics algorithm described in the previous section that fits a trunk to these endpoints.
Overview
Given the desired endpoint p 3 and link lengths l 1−3 of a three-link rigid-link robot composed of spherical joints, this algorithm determines the endpoints p 1 and p 2 of the first and second links of the rigid-link robot as shown in Fig. 5 . The procedure begins by forming two triangles from Op 1 p 2 and Op 2 p 3 based on this information, where the distance r 1 in Fig. 5 represents unknown length. Inequalities on r 1 given in (4) define one dimension of the resulting solution space. Choosing any value that satisfies these constraints completes the first step of the procedure. Next, knowing lengths r 1 , r 2 and l 3 , which define one triangle, and the coordinates of two of its endpoints (O and p 3 ), the second step gives the second dimension of the solution space as an arbitrary rotation of p 2 about 
Derivation
Referring to Fig. 5 , length r 2 = p 3 while triangle inequality theorems for Op 1 p 2 and Op 2 p 3 bound length r 1 as:
Step 1. Choose any r 1 that satisfies the inequalities above. A complete solution space that includes all possible configurations of the robot can be built by repeating the rest of the derivation using all valid values of r 1 . The equality sign observed in the inequalities (4) implies a 'flat' triangle consisting of a single line and corresponds to a singular configuration of the robot, as discussed and illustrated in Section 5.
Step This initial transformation to OX Y Z can be achieved by performing two consecutive rotations, first about the y axis by angle −β 1 then about the z axis by −α 1 ; these angles are calculated in (7) . Due to this rotation, p 3 now lies on the +z-axis at a distance of r 2 from O as shown in be any point about the z-axis, begin by placing it in the yz plane. Applying the law of cosines,
T where d 1 = r 1 cos γ 1 and h 1 = r 1 sin γ 1 . The following equation rotates p 2 about the z-axis by θ 1 and then rotates the coordinate frame back to OXY Z to obtain the coordinates of p 2 :
where R ω,θ represents a rotation about axis ω by angle θ . Substituting the individual transformation matrices into (5) yields:
where c θ ≡ cos θ and s θ ≡ sin θ . The rotation angles, taken from a standard axis/angle rotation [31] , are:
where
Step 3. Choose dihedral angle θ 2 that orients Op 1 p 2 in 3-D space by following a similar process. After rotation such that
Op 2 is aligned with the +z-axis, applying the law of cosines produces
T where d 2 = l 1 cos γ 2 and h 2 = l 1 sin γ 2 . Following a similar process, compute position p 1 = Rp 1 where R is given in (6) and where k 1 in (7) is replaced by k 2 , a unit vector along
This procedure can be easily extended to additional sections. First, augment (4) with additional triangle inequalities resulting from adding one additional triangle per section to Fig. 5. Next, for the ith section, determine γ i , p i , h i and d i by repeating the derivation given above for these variables, replacing k 1 in (7) with k i , a unit vector − −− → Op i . Repeat this process for each joint, which then produces all the desired p i vectors.
Results
The OctArm continuum trunk [27] consists of a pneumatically actuated threesection trunk; three extensible rubber tubes compose each section, so that persection curvature results from changing the length of the these three tubes. Pressure regulation values control the length of each tube and, therefore, the bending of each section while string encoders measure the resulting curvature for feedback to a PC-104-based control system. A remote PC accepts user input via a joystick [32] and relays desired trunk postures to the OctArm system; the remote PC also displays a real-time, 3-D model of the expected trunk shape [33] .
One difficulty faced when evaluating the trunk in the field [27] was the inability to command the trunk to avoid obstacles while maintaining tip position for insertion or inspection tasks. Although traditional Jacobian null-space techniques could be used, these lack a user-centric method of specifying how the trunk should be shaped to avoid these obstacles. To remedy this, the single-section kinematics described in this paper were implemented by adding an additional control mode to the user interface routines described in Ref. [32] . In this mode, the operator can select trunk sections to move using the inverse kinematic algorithms given in Section 2 and then control resulting trunk movement via the joystick.
A maneuver designed to illustrate potential obstacle avoidance techniques produced using these algorithms is pictured in Fig. 1 . Beginning with a straight trunk shown in Fig. 1a , the user selected the second to last section of the trunk and moved it to the left via the joystick, while the algorithm kept all other points stationary. Thus shaped, the tip of the trunk could now be moved around an obstacle located at the bend in the second section.
To assess the suitability of the multi-section inverse kinematics algorithms presented in Section 4 for operation in real-time, timing results for the multi-section algorithm obtained on a 3.0-GHz Pentium 4 show that the algorithm requires 0.3 ms to execute for a three-section continuum robot, making it eminently suitable for real-time application. However, this algorithm has not yet been evaluated on the actual robot.
Instead, the algorithms and derivations in sections 3.1 and 4.2 were implemented in Matlab and visualized using a 3-D graphics library [33] . Figure 7 shows a threesection continuum manipulator starting at the origin and reaching to [ 1 1 11] T with rigid-link lengths of l 1 = 5, l 2 = 4 and l 3 = 3, and dihedral angles θ 1 = 2π/3, θ 2 = 0. For simplicity, 'dead' sections were not included, although doing so merely requires choosing an appropriate dead section length when transforming from p i to s i , κ i and φ i using the single-section procedure given in Section 3.2. The output of the procedure given in Section 4.2 is shown in Fig. 7a where p 1 , p 2 Figure 7b shows the final output from the algorithm in Section 3.1 where a continuum manipulator can be seen along the skeleton obtained from applying derivation in Section 4.2. Singular configurations explored in Fig. 8 illustrate a case with a 'flat' triangle (when r 1 = l 1 + l 2 ); as a result Op 1 p 2 is no longer present. Two different singular configurations are illustrated in Fig. 9 . In Fig. 9a , algorithms that determine a rigid-link robot configuration (presented in Section 4.2) then use the resulting endpoints to compute the shape of a continuum robot (detailed in Section 3.1) and result in a singular configuration in which both the rigid-link robot and the continuum trunk extend to their maximal length in order to reach the desired tip location, which is located on the z-axis. In Fig. 9b , only the rigid-link robot assumes a fully extended singular configuration with all the links extended in a straight line, while the off z-axis endpoint produces a curved continuum robot. 
Conclusions and Potential Applications
This paper presents closed-form solutions to the inverse kinematics problem for continuum robots. In particular, a single-section solution enables solution of the multi-section problem when each section's endpoint is known. A final process to determine per-section endpoints then provides this information to the multi-section algorithm. In addition, this process allows exploration of the solution space by changing solution parameters such as link lengths or dihedral angles. This ability to efficiently specify both tip position and overall trunk shape provides the potential application of many essential grasping and manipulation tasks such as obstacle avoidance illustrated in Fig. 1 , whole-arm grasping and a range of inspection tasks. These inverse kinematics tools provide a foundation for additional exploration into methods to make use of the marvelous dexterity present in continuum manipulators.
